THE WEYL EXTENSION ALGEBRA OF GialFp) 



VANESSA MIEMIETZ AND WILL TURNER 



Abstract. We compute the Yoneda extension algebra of the collection of 
Weyl modules for GL2 over an algebraically closed field of characteristic p > 
by developing a theory of generalised Koszul duality for certain 2-functors, one 
of which controls the rational representation theory of GL2 over such a field. 



1. Intro. 2 

2. Combinatorial description of w. 3 

3. Example. 4 

4. Outline. 6 

5. Homological duality for algebraic operators. 6 
Algebraic operators. 6 
Homological duality. 
Homological duality for operators P. 
A quasi-isomorphism of operators. 

6. Recollections on GL2. 

7. The homological dual of (c,t,t^^). 
The algebra 

Hypotheses of Theorem [151 
Homologically self-dual algebras. 
The homological dual of t. 
The triple. 

8. Expressing w via >h, >h~^). 

9. The algebra HT^,(^<, ^"^). 
A bimodule. 

Explicit formulas for the homology of for i < — 1. 
The dg algebra TM,{>h, >h~^). 
The case p=2. 
Truncating T. 
Polytopal basis for T-^. 

10. Appendix 1: Signs. 

11. Appendix 2: Koszul duality. 
References 

Contents 



1 



2 



VANESSA MIEMIETZ AND WILL TURNER 



1. Intro. 

This paper belongs to a sequence of papers exploring structural features of the 
rational representation theory of the algebraic group GL2{F), where F is an alge- 
braically closed field of characteristic p > 0. We denote by 

W = {Sym^(y) ®uji' I A e Z>o, ^ e Z} 

the set of Weyl modules in the category G -mod of rational representations of G = 
GL2{F), where V denotes the natural two dimensional representation of G and uj 
the one dimensional determinant representation. By definition, Sym^{V) is the 
space of symmetric tensors powers of V of degree A, which is to say the set of 
fixed points for the symmetric group S\ in its natural action on V^^. W is a 
complete set of standard objects in the highest weight category G-mod of rational 
representations of G. Our object is to give an explicit description of the Yoneda 
extension algebra 

W= Ext^_^,,(A,A') 

A,A'eW,feGZ 

of the collection W. The most important previous discovery in this direction was an 
algorithm to compute the dimension of ExiQ _j^^^{A, A') for A, A' G W and fc > 0, 
written down by A. Parker ([10], Theorem 5.1). Here we describe the algebra 
structure. In previous papers, we have described certain 2-functors which control 
the rational representation theory of G and give a combinatorial description of 
blocks of rational representations. We have developed a theory of Koszul duality for 
these operators, allowing us to give an explicit description of the Yoneda extension 
algebra of the irreducible G-modules. In this article, we extend these methods to 
more general homological dualities and a setting where gradings are not necessarily 
non-negative. 

The category G -mod has countably many blocks, all of which are equivalent. There- 
fore, the algebra W is isomorphic to a direct sum of countably many copies of w, 
where w is the Yoneda extension algebra of the Weyl modules belonging to the 
principal block of G. Our problem is to compute w. 

In the following section of the paper we outline a combinatorial description of w 
as Ihiiq D f!>^y{F[z]) , where Ox is a certain algebraic operator, and where T is an 
algebra with monomial basis indexed by elements of a certain lattice poly tope; in 
the remaining sections we explain why this description is correct. A consequence 
of this description of w is that w has a monomial basis indexed by elements of 
an infinite dimensional polytope. Our analysis proceeds via a more conceptual 
description of T involving the tensor algebra over a Koszul algebra of a certain 
bimodule (Theorem l4T|l. This bimodule M satisfies some strong homological 

properties (Theorem [27]) . 

We write the names of our algebraic operators in exotic scripts like P, £), F, and H. 
These operators are all 2-functors on certain 2-categories, a fact we suppress to avoid 
frequent checking of axioms; their dominant virtue is their natural behaviour, which 
means they give a conceptually simple way of encoding complicated homological 
information. 
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2. Combinatorial description of w. 

Suppose r = 0,- J r*-''^ is a Z-trigraded algebra. We have a combinatorial 
operator Dr which acts on the collection of Z-bigraded algebras S after the formula 

where we take the super tensor product with respect to the /c-grading. 

There is a trigraded algebra T whose structure we partially describe via a polytopal 
monomial basis; by a monomial basis we mean a basis in which the product of two 
elements is ± another basis element, or zero. There is a reason for our idleness in 
giving only a partial definition: in order to describe w we only need to know what 
the algebra structure of T looks like when projected onto the subspace T-^ = 
ffii,j,feGZ,i<if The space T-^ has basis {'mw}u]£'p^<i indexed by a polytope 
7^x<i in 77 and product (in its projection onto T-^) given by 

niwiTiw' = \ and vi — wi + w'^ for 2 < / < 5. 

[ otherwise. 

Here we write w — (wi,W2,W3,W4,W5,WQ,wr) G Z^. The ijfc-degree of a basis 
element rriw is (w2,u'3,W4). 

For details of how to define the polytope 'Px<i ^-nd the sign (— l)'^Jo+''Jo+''a -v^e refer 
to section [9l For a more elegant conceptual description of T we also refer to section 

in 

Let us consider the field F as a trigraded algebra concentrated in degree (0,0,0). 
We have a natural embedding of trigraded algebras F — >■ T, which sends 1 to 
"^(1,0,0,0,0,0.1)- This embedding lifts to a morphism of operators Op Or- We 
have Dj^ ^ Dp- Putting these together, we obtain a sequence of operators 

Dp -^OpDr DpDy ... 

which, applied to the bigraded algebra F[z,z^^] with z placed in jk degree (1,0), 
gives a sequence of algebra embeddings 

^1 fl2 fJ.3 

where fiq — OpDy{F[z, z^^]). Taking the union of the algebras in this sequence 
gives us an algebra fi. Our main theorem is the following: 

Theorem 1. The algebra w is isomorphic to fi. 

The algebras fig are isomorphic to Yoneda extension algebras of collections of Weyl 
modules for certain Schur algebras, and are consequently finite dimensional. The 
A:-grading on /i matches with the natural homological grading on w. 

It is straightforward to give a polytopal monomial basis for n as follows: we define 

the weight of a monomial m^i (8) ... (g) m^jg z" in T®'' (g) F[z, z~^] to be 

(w2 - wl,wl - wl, ....,wl - - w|) e Z''+^ 

We have a map from the set of monomials in T®''®F[z, z~^] to the set of monomials 
in T'*'^"'"^ (g) F[z, z~^\ that sends a to TO(i_o, 0,0,0,0,1) ® ^ ^"^^ preserves the last q+1 
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components of the weight. The union over q of monomials in T®' (g) F[z,z ^] of 
weight zero is a polytopal monomial basis for fj,. 

3. Example. 



The algebra T,, is isouiorphie to the Yoneda extension algc^bra of the Weyl modules 
for a block of a Schur algebra S{2, r) with p'^ simple modules. To place our feet on 
the ground, let us describe an example of such an algebra. 

Let p = 3. Let V2 denote the Yoneda extension algebra of the collection of Weyl 
modules in a block of a Schur algebra S{2,r) containing 9 simple modules. The 
Ext^-quiver of this algebra is given by 
-1 -1 



H -3 





1 




-2 




2 




1 








-1 


2 




-1 





where the number of bars through the tail of the arrow marks the degree of the arrow 
in the Ext-grading (aka fc-grading) and the number labelling the arrow denotes its 

j-grading. 

The composition structure of the projectives, with the superscript denoting the 
fc-degree and the subscript denoting the j-degree, is given by 



1° 
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2° 

/ \ 
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4. Outline. 

In section [5] we describe a little theory of algebraic operators, recalling and gen- 
eralising some previous definitions and results 0. We then give an overview of 
Keller's homological duality, and how it relates to our operators, also in Section [S] 
We then recall some facts about the representation theory of GL2 and explain how 
Koszul duality and Keller's homological duality come into play in this representa- 
tion theory, giving us various differential graded bimodules to use as input for our 
algebraic operators (Sections [6] to El) . Specifically, in Section [8] we show that an 
algebraic operator OhT(|>(*) indexed by the homology of a certain tensor algebra, 
thought of as a trigraded algebra, can be used to compute the Weyl extension al- 
gebra of GL2- We then explicitly compute ]HIT,i,(^) and show it is equal to T; this 
is done in Section |9l We have relegated certain generalities to appendices: on signs 
and Koszul duality. 

5. Homological duality for algebraic operators. 

Algebraic operators. For our computation of y, we used trigraded structures. 
Here, we also use quadragraded structures 

S = Cjdijk 

It will be necessary to differentiate between the four gradings; we will call them the 
d-grading, the «-grading, the j-grading, and the fc-grading. 

As in our previous paper, the i and j-gradings will be algebraic. We denote by (1) 
a shift by 1 in the j-grading, thus {M{n))j — Mj-n- 

The fc-grading will always be a homological grading, and differentials always have 
fc-degree 1, and (i, j)-degree (0, 0). When we speak of a differential (bi-, tri-, quadra- 
)graded algebra, we mean (bi-, tri-, quadra-)graded algebra which is a differential 
graded algebra with respect to the fc-grading. We denote by H the cohomology 
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functor, which takes a differential fc-graded complex C to the A;-graded vector space 
HC = H'C. We denote by [1] a shift by 1 in the fc-grading. 

The c?-grading will be algebraic, and in our application will form a A-grading and 
will in all relevant cases be positive. 

In practice, for the development of our theory, one of the gradings will in fact be 
obscured, so we only have to consider trigraded structures 5*'^ or S^^'^; nevertheless 
it seems to be important to distinguish between the four types of grading. 

There is a fifth grading. When we discuss Koszul duality, we will refer to the grading 

of a quotient of a quiver algebra by path length, which we call it the r-grading. 
In certain special cases, this r-grading coincides with our j-grading, but in other 
cases it does not; this is why we denote it with a different letter. But outside our 
discussion of Koszul duality, we will not be concerned with the r-grading, and we 
disregard it. Likewise, the sixth and seventh gradings (the / and h gradings). 

Bonded pairs of himodules. Let A he a finite dimensional algebra. Wc say a pair 
M = (M, M') of A-A-bimodules are bonded if we have homomorphisms M(E)aM' — > 
A, M' M ^ A, such that the resulting pair of maps 

M (8)A M' 0^ M -)■ M 

are equal, and the resulting pair of maps 

M' <S)A M^aM' ^ M' 

are equal. 

Lemma 2. Given a bonded pair M_ of A-A-bimodules, the space 
Ta{M) = {®i>iM®^') ®A® (ei<-iM'®^-^) 
is a "L-graded algebra, with product given by the natural bimodule homomorphisms 

J^t^lAtl ^^'®A-*2 _^ ^J'®A-^l-^2^ ^2 > ri, 

j^mA-i^ ^yi®Ai2 ^ yimA-ti-t2 ^ r^>r2, 
]^"S>A-ii ^ M'Sa^2 _^ M'S>Ai2+ii^ ^2 > n, 

obtained by applying the maps M 0^ M' — A, M' CSia M ^ A a number of times; 
here we write M^^° = M"^^^ = A 

Proof. We define A to be the tensor algebra of M0M' over A, modulo relations im- 
plying the product of M and M' lies in A, and the product map on these bimodules 
is given by the maps M ®a M' — > A, M' (Qa M — > A. The algebra A acts naturally 
on the space Ta(M) via the homomorphisms M CE)^ M' A, M' (E)a M — > A: the 
fact this is an algebra action follows from the fact that M and M' are bonded. 
The relations in A imply that A is a quotient of T/i(M) as an A-A-bimod\ilc. The 
subspacc A of T4 (M) generates T4 (M) as an ^-module, which implies T4 (M) is a 
quotient of A. Consequently A acts freely on T^(M), and we can identify A with 
Ta(M); once we do this we obtain a product on Ta{M.) as advertised. □ 

We have a ready supply of bonded pairs of bimodules: 
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Lemma 3. Suppose M is a differential graded A-A-himodule which is projective 
on the left and right as an A-module. Then M and HomA(M, ^) are a handed pair 
of dg bimodules. 

Proof. We have a natural isomorphism of dg bimodules 

M HomA(HomA(M, A), A). 
Our bonded structure is given by the pair of natural maps 

M(g)Hom^(M,A) A, }iomA{M, A) igi Bom A{iiomA{M, A), A). 
We check the natural composition maps 

M Hom^(M, A) ®a HomA(HomA(M, A), A) 

^ M iSiaA M Hom^(Hom^(M, A), A) 

and 

M(8)A HomA(M, A) HomA(HomA(M, A), A) 

A (8)A HomA(HomA(M, A),A) ^ HomA(HomA(M, A), A) 
are equal. If we identify these with maps 

Hom^(A,M) ®A Homyi(M,A) (g)^ Hom^(A,M) HomA(Hom^(M, A), Hom^(A, A)) 

then both send a (g) /3 (g) 7 e Hom^(v4, M) ®a Hom^(M, A) ^a HomA(A, M) to the 
morphism sending r] G HomA(M, A) to a(3jri G Hom^(A, A). □ 

The collections T and U. Let T denote the collection of dg algebras with a pair of 
bonded dg bimodules 

^^f (AM)| A = e^A'=adg algebra, M = (0^ M^ 0^ M"=) j 

bonded dg ^-A-bimodules. J 

Let U denote the collection of differential bigraded algebras with a pair of bonded 
differential bigraded bimodules 

U = {{A,M)\ A= A*,M = (M,M') = ( M*, M'*)}. 

feez,d>o feez,d>o feez,d>o 

We define a Richard object of U (or T) to be an object {A,M_) of U (or T), where 
the homomorphisms M (8>a M' A and M' ®a M A are quasi-isomorphisms. 
In this case we will call M invertible and often denote M' by M~^. 

The operator P. We define a j -graded object of U to be an object (a,m) of 
U, where a = 00**^ is a differential trigraded algebra, and m = {m,m') = 
(0 m'*'^, m"'^'^) a bonded pair of differential trigraded a-a-bimodules. Given 
a j-graded object of U, we have an operator 

Pa,m O U 

given by 

Pa,™(A, M) = (0 a*'^ M®^-'', (0 m*'= ®f M®^^ m"'^''= ®f M®^^')), 

where for j > 0, M^^^ = M'>^^^ and for j < 0, M®-*^ = M'®"^'. The algebra 
structure on a'^^'^^pM?^'' is the restriction of the algebra structure on the tensor 
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product of algebras a ® T a (M). The fc-grading and differential on the complex 
a'^^^ (g) M®'^-' are defined to be the total fc-grading and total differential on the 
tensor product of complexes. The d-grading is defined to be the total d-grading, 
with the degree d part given by 

dQ+di + . . .+dj—d 

The bimodule structure, grading and differential on m'^^^ ® M®^^ are defined 
likewise. We sometimes write 

Pa,™(A,M) = {a{A,M),rn{A,m)- 

ff a and h are differential trigraded algebras, and aXb is a differential trigraded 
(a, 6)-bimodule, then we have a differential bigraded {ajA, M), HA, M ))-bimodule 

x(A,M) x**^ (g) M®-*^ 

d,i,k 

Let (A, M) and {B,N_) be objects of T, where M = (M, M') and N_ = {N, N'). 

Definition 4. [9, Definition 3] A dg equivalence between objects (A. M) and (B, N) 
ofT is 

(i) a dg A-B-bimodule X such that aX belongs to ^-perf, such that j^X generates 
DdgiA), and the natural map 

B End(X) 

is a quasi-isomorphism; 

(ii) quasi-isomorphisms 

X ®B N ^ M ®aX, 
X®bN' ^ M' (g)A X, 
such that the resulting diagrams of maps 

X i^B Ni^B N' ^ M <SiA ®M' ®A X ^ A®aX 

X®bB ^X 

X ®B N' ®B N ^ M' ®A ®M ®A X ^ A®aX 

•f w 

X®bB ^ X 

commute. 

If there is a dg equivalence between (^,M) and {B,N_), we write {A,M_) > {B,N_). 
We then have a derived equivalence 

HomA(X,-) 

Dag{A)Zll^^aiB) , 
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and diagrams which commute up to a natural isomorphism: 



Ddg{B) 



X 



We define a quasi-isomorphism from (A, Ad) to {B,N_) to be a quasi-isomorphism 
A B, along with compatible quasi-isomorphisms 



such that the diagrams 



aMa bNb, aM'a bN'b 



M (^A M' ^ N ®bN' 



A- 



and 



B 



M' iSiA M ■ 



A- 



B 



commute, where the horizontal maps are given by above quasi-isomorphisms, and 
vertical maps by the bondings. 

The following lemmas are the bonded analogues of results we have established 
previously [9| and are proved in exactly the same fashion. 

Lemma 5. 9, Lemma 4] Let a be a differential bigraded algebra, Xa and aV differ- 
ential bigraded modules, (A, M) an object oflA. Then 

x{A,M.) ®a{A,M) y{AM) = {x y)(AM). 

Lemma 6. [9', Lemma 5] Let c be a differential trigraded algebra, and (A, A/) a 
Richard object ofU. If x and y are differential trigraded c-modules, then we have a 
quasi-isomorphism 

Hom,(x,2/)(A,M) ^ Hom,(^^M) (a;(A M), M))- 

The operators P coincide with the operators O from our previous papers [H [9] , if 
we restrict them to positively graded objects of U, concentrated in d-degree zero. 
As the d-grading is just an extra grading dragged around, which does not interfere 
with the constructions, the only place we need to take care in extending results 
from [9 is the extension to the bonded setting. However, using Lemma [5J we find 
all proofs go through without problem. 

Lemma 7. Lemma 11] Let (A, M) and {B,N_) be objects ofU such that {A, M)> 
{B,N). Let{a,m) be a j -graded Richard object of U . ThenPa^rn{A, M)>¥a,rniB, N). 
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Lemma 8. P, Lemma 12] Let {A,M_) and {B,N_) be quasi-is amorphic objects of 
lA. Let {a,m) be a j -graded Richard object of 14. Then ¥„ m.(A, M) andVa,m{B,N_) 
are quasi-isomorphic objects ofU. 



The operator D . We now recall the definition of the operator D as well as the result 
which asserts that it behaves favourably with respect to taking homology [S] ■ 

Let r = F'-''^ be a differential trigraded algebra. We have an operator 

Dr {S| S = S^'' a differential bigraded algebra } 

given by 

(1) Dri^y" r*^''=i E^''^^ 

j,ki+k2—k 

The algebra structure and differential are obtained by restricting the algebra struc- 
ture and differential from F E. If we forget the differential and the fc-grading, the 
operator Dr is identical to the operator Dr defined in the introduction. 

Lemma 9. [9l Lemma 6] We have 

HDr = HDhe = OheH, 

for a differential trigraded algebra F. 



Comparing P and O. We have previously made a comparison of operators O and 
D [9J. We could add a d-grading to D to obtain a direct generalisation of this 
comparison result. However, in our application, we use the operator D only in a 
setting where the d-grading is the negative of the fc-grading, and so to simplify 
we disregard it. Let D denote the 2-functor from 14 to T which disregards the d- 
grading. Then, extending the operator O to the bonded setting, we have DP — O. 
Extending our comparison result in a bonded setting, using Lemma [51 we obtain 
the following: 

Lemma 10. [H Corollary 9] Let a be a differential bigraded algebra andm a bonded 
pair of a-a dg bimodules. Then we have an isomorphism of dg algebras 

BFf^oKJF, {F,F)) - Df£)?^(„)(F[z,z-1]). 

Homological duality. Keller equivalence. Let ^ be a finite dimensional algebra 
with modules Si,...,Sf which generate the derived category D{A) of A. Let 
Pi = 0J, PI' be a projective resolution of Si . Let J- {A) denote the dg algebra 

/ / 

J■(A) = 0Hom^(0F^0F,'='). 

k,k' 1 = 1 1=1 

Then P = ^{^i Pi is a differential graded A-J^(A)-bimodule. There are mutually 
inverse equivalences 

H orn A (P -) 

Ddg{A)^ Dag{F{A)) , 
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by a theorem of Keller 4, Theorem 3.10]. Since P is projective as an A- module, 
we have a natural isomorphism of functors 

Roira{P, -) ~ Rom a{P, A) -■ 

The operator ¥. Let (A, M ) be an object of U, where A'^ — for d < 0. Here we 
define a homological duality operator F which sends {A, M_) to another object of U. 

We define Si, S f to he the direct summands of the degree zero part of A taken 
with respect to the d-grading. Assume P is dj k- graded. Given a differential graded 
A-A-bimodule M, denote by J'(Af) the dg J'(A)-J'(A)-bimodule 

T{M) = nouiAiP, A) ®A M ®A P- 

We have T{M) = HomA(P, M) ®a P- For a bonded pair M = (M, M') of bimod- 
ules, denote by J^{M) the pair {T{M), T{M')). Let ¥{A,M) J"(M)), 
with bonded structure defined in the natural way as follows. We have maps 

J-(M) (g>^^A) HM') 

= HoniA(P, A) ®A M ®A P®F{A) Hom^(P, A) ®a M' ®aP ^ J^{A) 

and 

F{M') ®^f^A) HM) 

= HomA(P, A) ®A M' (®A P •S>jr(A) HomA(P, A) ®aM iSiaP ^ J^{A) 

which are given by the composition of the natural map P '®j^(a) Hom^i (P, A) A 
and the maps MO^M' A and M' ®aM A respectively, the latter maps being 
given by the bonding. It follows immediately that these maps define a bonding, as 
the relevant morphisms 

HomA(P, A) ®aM®aP ®f(A) Hom^CP, A) ®a M' ®a P ®f(A) Hom^CP, A) ®aM®aP 

-> Hom^(P, A) ®a M (^a P 
factor through the morphisms 

HomA(P, A) ®A M (®aM' (®aM ®aP ^ HomA(-P, A) ® M ® P, 
where we can apply the bonding of (M, M'). 

Lemma 11. Suppose {A,M_) is a Richard object ofU, where A'^ = for d < 0. 

The bimodule P induces a dg equivalence {A, M) > ¥{A, M). 

Proof. The quasi-isomorphisms 

P®T(A) F{M) ^ M ®aP 

and 

P®:f{A) F{M)^M' ®aP 
follow in the same fashion as in [2J Lemma 14]. It remains to be checked that the 
diagrams 

P ®J^{A) J'iM) ®^(^) J'(M') ^ M (»A ®M' ®A P ^ A®aP 



P ®r{A) ^{A) 



p 
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P <»:f{a) ^{M') ®jr(A) ^{M) ^ M' ®A ®M ®A P ■ 



■A®aP 



HA) 



P 



commute, which is straightforward. 



□ 



Remark 12 Suppose that (a,m) = (a, (to, m~^)) is a j-graded Rickard object 
of U, such that a is concentrated in non-negative d-degrees and that a projective 
resolution P of the degree zero part of a is differential djfc-trigraded. Then J-{a) 
inherits a differential djfc-trigrading. In this case we call (a, m) a dagger object of 
U, and the dg equivalence in Lemma [TT] is differential dj'fc-trigraded. 



Homological duality for operators P. Wc now consider how homological dual- 
ity behaves towards the operators P. 

Lemma 13. Let (j4,M) be a Rickard object oflA. Let {a,rn) be a dagger ob- 
ject oflA, with homological dual F(a,TO). Assume further that P{A, M) generates 
DdfjiajA, M)). Then we have a differential dk-bigraded equivalence 

Pa,rn(A,M)>PF(,,„)(AM). 

Proof. Let P be the differential djfc-trigraded a- module inducing the duality be- 
tween a and F{a) as in Subsection [51 Notice that P{A, M ) is a differential dk- 
bigraded a{A, M)-J^{a) {A, M)-bimodule. 

Now T{a){A, M) is by definition Hom„(P. P)(A, M), which by Lemma[6]is quasi- 
isomorphic to Homa(^.M)(P(A, M), M)). 

As PiA,M_) generates Ddg{a{A,M_)) by assumption, by Keller's theory P{A,M_) 
induces a dg-equivalence between Ddg{a{A,M_)) and Ddg{J-{a){A, M}) [H Theorem 
3.10]. 

To check the conditions of Definition U on bimodules is an easy repeated application 
of Lemma [5] to the existing diagrams for the equivalence in Lemma 1111 □ 

A quasi-isomorphism of operators. Here we show that FPa,m is quasi-isomorphic 
to PF(a,m)IF under suitable conditions. 

Theorem 14. Let (j4,M) be a Rickard object ofU. Let {a,m) be a be a dagger 
object of 14. Assume further that P(A, M) generates DdgiaiA, M)). We have a 
chain of differential dk-bigraded equivalences 

F(P,,„(AM)) <P,^„(A,M) >PF(a,™)(A,Af) >PF(a,™)(F(A,M))■ 
Proo/. This follows from Lemmas [TTl [13] and [T] □ 

Theorem[T4| implies we have a differential dk-gvaAed equivalence between the objects 
F(Pa,m(^,M)) and PF(a,m)(F(A,M)) oi U . Wc Strengthen this as follows: 



Theorem 15. Assume the following: 
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(i) Let {a,rn) be a dagger object ofU such that a is concentrated in non-negative 
j -degrees. 

(ii) Let (A,M) — {A, {M, M^^)) be a Richard object ofU, such that 

(a) both A and M are concentrated in non-negative d-degrees; 

(b) M®J ®A A°' ^ (A-f®^)"' for all j such that a"^' ^ 0. 

(Hi) The differential dk-bigraded a(A, M_) -module {a(A,M_))'^' generates the de- 
rived category DdgiaiA, M\). 

Then the chain of equivalences in Theorem lifts to a quasi-isomorphism from 

PF(a,m)(F(A,M)) to¥{Fa,rn{A,M)). 

Proof. We denote by Pa the projective resolution of the d-degree zero part of a and 
by Pa the projective resolution of the d-degree zero part of A and note that we 
have an isomorphism 

_7r(^)»^(A)r ^ Uom a{Pa,M'^^'' (g)A Pa) 
and hence an isomorphism 



(2) J^{a){¥{A,M)) ^RomA{PA,J'{a){A,M) (^A Pa). 

We have a quasi-isomorphism Pa{A,M_) — > a"*^(y4,, M) by [51 Lemma 15] and quasi- 
isomorphisms 

M®^' (g) Pa ^ M^^ (g)A A°* 

for all j such that a"^* 7^ by (jiibp . Thanks to Q and (|iiap we also have 

j>aA>a 

and putting the latter two observations together, we obtain that P„ (A. M) ®a Pa 
is a projective resolution of (a(A. M))°*. 

Therefore 

(3) J'HA,M)) = End,(A,M)(/'a(A,M) ®a Pa)- 

To prove the theorem we need to show that J-{a{A,M_)) is quasi-isomorphic to 
T{a){¥{A,M)). We have 
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T{a){¥{A,M)) = Hom^(PA,^(a)(A,M) ®a Pa) 
by ^ 

= RomA{PA,iioma{Pa,Pa){A,M) (E)A Pa) 

by definition of J- (a) 
^ RomA {Pa , Hom,(^,M) [Pa {A, M) , P„ {A, M)) ^a Pa ) 

by Lemma ini 

^ HomA(PA,Hom,(A,M)(^a(AM),-Pa(AM) <»A Pa)) 

by pro j activity ot Pa 
^ Hom,(^^M)(P„(A,M) ®A PA,Pa{A,M) ®a Pa) 

by adjunction 
= T{a{A,M)) 

by 

Similarly we have 
J'{m){¥{A,M)) 

= RomAiPA,T{m){A,M) (g>A Pa) 

= RomAiPA, Homa (Pa, TO <E>a Pa) (A, M) (S>A Pa) 

= HomA(PA,Homa(A,M)(^'a(AM),TO(A,M) (g)a(AM) PaiA,M)) (g)A Pa) 
^ HomA(PA,Homa(A,M)(^'a(AM),TO(A,M) (E)a(A,M) Pa{A, M) (8)A Pa)) 

= Homa(A,M)(^'a(A,M) (8)A PA,m{A,M) ®a(A,M) Pa{A,M.) «>A Pa) 
= Tim{A,M)) 

and the analogous chain for m^^. 

We need to check compatibility of these quasi-isomorphisms with the bonding. 

The bonding on J^{m){¥{A, M_)) and I'{m^'^){¥{A, M_)) is given via 

^(m)(F(A,M))®^(,)(F(^^M))-^(TO-i)(F(A,M)) = (^(m)$5^(a)^(m-i))(F(A, M)) 

from Lemma[5]and the bonding J-{m) ®jr(a) J'im^^) — J-{a) which is induced by 
the evaluation map Pa (S>j^(a) Honia (Pa, a) ^ a and the bonding on m (E)a rn~^ . 

For the bonding on T(m{A,M)) and ^(to"^(A,M)) note that, since (a(A,M))°* 
generates Ddg{a{A,M_)), its projective resolution P := Pa{A,M_) (giA Pa contains a 
progenerator of a{A, M) so, the evaluation map 

P(^T(a{AM)) Homa(A,M)(^',a(^,M)) ^ a{A,M) 

is an isomorphism and, using projectivity of P and, in the last step, Lemma [6] we 
obtain 
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F{m{A,M)) ®:F{a{A,M)) J'im-^A.M)) 
= HomQ(^^M) {P, m{A, M) ®a{A,M) P) 

®T(a(A,M)) Homa(^^M)(P,TO"^(yl,M) ®a(A,M) P) 

= ^OTaa(AM){P,a{A,M)) ®a(A.M) m{A,M) 

®a(A,M) P®F{a(A,M)) Homa(^^M) (P, a( A, M) ) 
®a{A,M) m~'^{A,K) ®a(A,M) P 

^Hom„(^^M)(^',a(^,M)) ®a(AM) m(A,M) 

®a(A,M) m"^(A,M) ®a(A,M) P 

^ Hom„(^^M) [P, aiA, M)) (g>a(A.M) ("^ ®a m-^){A, M) (g>a(A,M) P 

which together with the bonding on m®a'>Ti~^ induce the bonding. The analogous 
statements hold for reversed roles of m and and our quasi-isomorphisms are 
hence compatible with the bonding, completing the proof of the theorem. □ 

6. Recollections on GL2. 

We say a Z-grading A = ®d>oA'^ on a quasi-hereditary algebra is a A-grading if 
A'^ is isomorphic to a direct sum of standard modules, for all d. 

Let Z denote the zigzag algebra, generated by the quiver 



I) ') n 

• • -^i • >i • ■ ■ ■ ) 

C C ? 



modulo relations =77^ = S,V ^ = 0- 

The zigzag algebra Z is a little infinite dimensional algebra with a number of 
interesting homological properties. For example, it is quasi-hereditary, symmetric, 
and Koszul. Its derived category admits an action of the braid 2-category, in 
which braids act faithfully [S]. We are especially interested in the quasi- hereditary 
structure on Z, in which A(Z) has top I and socle / — 1 for / G Z. 

For our application to GL2, we will be interested in a finite truncation of Z. Let c 
be the finite dimensional subquotient of Z generated by 

VI V2 Vp-l 
-i-^ -• ^m^-^ 

modulo the ideal / = {^1+1(1, ■r]ir]i+i,^ir]i + 77;+i^i+i, 77p_i^p_i | 1 < / < p - 2). 

We will now recall some facts about the rational representation theory of G = 
GL2{F). The category of polynomial representations of G of degree r is equivalent 
to the category S{2, r) -mod of representations of the Schur algebra S{2, r) [3]. All 
blocks of 5(2, r) -mod whose number of isomorphism classes of simple objects is 
are equivalent. There is a combinatorial way to describe these blocks, which we 
now describe. 
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We denote by av the algebra involution of Z which sends vertex i to vertex p — i 
and exchanges ^ and 77. Let e/ denote the idcnipotcnt of Z corresponding to vertex 
I G Z. Let 

t = ^ eiZcm- 

l<l<p,0<m<p-l 

Then t admits a natural left action by the subquotient c of Z. By symmetry, t 
admits a right action by c, if we twist the regular right action by av. In this way, 
t is naturally a c-c-bimodule. 

The algebra c is a quasi-hereditary algebra, and the left restriction ct of t is a full 
tilting module for c. The natural homomorphism c Hom(ct,ct) defined by the 
right action of c on t is an isomorphism, implying that c is Ringel self-dual. 

Let t denote a projective resolution of t as a c-c bimodule, then t is a two-sided 
tilting complex, and t(^c— induces a self-equivalence of the derived category D^{c) 
of c. We also have the adjoint complex t^^ = Homc(t, c). We denote by t the pair 
of bonded c-c dg bimodules (t,!"-"^). 

The operator Pc,t acts on the collection of algebras with a bonded pair of bimodules, 
such as the pair (F, F_) whose algebra is F and whose bonded bimodules F_ are just 
the pair of regular bimodules {F,F). The operator Fpfi^ct takes an algebra with 
a bonded pair of bimodules to an algebra, along with a pair of zero bimodules 
which we disregard. We define bg to be the category of modules over the A- 
graded algebra Pf^VI ^{F, F_). Both c and t are concentrated in non-negative 
j'-degrees, and therefore is only present for formal purposes: it is irrelevant for 
computation. We have an algebra homomorphism c — > _F which sends a path in 
the quiver to 1 G -F if it is the path of length zero based at 1, and £ F otherwise. 
This algebra homomorphism lifts to a morphism of operators Pc,t Pf.o- We have 
P|,Q = P_F,o; We thus have a natural sequence of operators 

which, if we apply each term to {F,F_) and take representations, gives us a sequence 
of embeddings of highest weight categories 

bi ^ b2 ^ ba ^ ... 

We denote by b the union of these highest weight categories. In a previous paper, 
we have proved the following: 

Theorem 16. Corollary 27] Every block o/G-mod is A-equivalent to b. Every 
block 0/ 5(2, r) -mod whose number of isomorphism classes of simple objects is p"^ 
is A-equivalent to bq. 

Note that this was formulated only in terms of the operators O. The fact that the 
operator P truly gives us the correct A-grading also follows from our previous work 
[3 Theorem 18]. 

7. The homological dual of (c,t,t^^). 

Towards describing w combinatorially using our algebraic operators, we give a 
combinatorial description of F(c, t) — {T{c),T{t)). 
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The algebra 'J. We need to be careful about our gradings: c is cf//c-graded, with 
T] in degree (1, 1,0) and ^ in degree (0, 1,0). In order to obtain J-'(c), we need to 
take a projective resolution of c"'*'*, which is given by P = ®i<;<p-P' where Pi is 
a linear projective resolution of A{1) = c°'*'*ei. This is given by 

p 

Pi = ^cek\k - l\{k - l)[-ik - I)] 

k=l 

where [-J denotes a shift in the d-grading. As required, the differential, which 
is given by right multiplication by r/, has djTe-grading (0,0,1), turning P into a 
differential (|/fc-trigraded left c-module. We therefore have 

Lemma 17. The object (c,t) d U is a dagger object and c is concentrated in 
non-negative d- and j- degrees. 

Let ^ denote the algebra generated by the quiver 

XX XX 
• ^ • ^•^■r^ •' 

modulo relations — = 0,^^ = 0, where x is given djfc-degree (—1, —1, 1) and 
^ is given djfc-degree (0, 1, 0). 

The map 5* — > Endc(P) given by 

ei ^ {idp^ : Pi^ Pi) 

ei-ixei 1-^ (P/_i Pi) : 

rM/i.\[ M^/O iffc-0, 
aei-i+k\k\{k)[-k]^ i ^L_LiM -fu^n 

|^ae;_i+fe|fc - lj(fc - l)[-(k + 1)J if fc > 0. 

which has c?j/c-degree (—1,-1,1), and 

ei-i^ei ^ (Pi-i Pi : aei-i+k\k\{k)[-k]) ^ a^ei+k\k\{k)[-k])) 

which has djfc-degree (0, 1,0) is easily seen to give a right Vt-action on P, turning 
P into a differential c?j/c-trigraded c-^* bimodule. 

The algebra 5* is isomorphic to Ext'(A, A) (cf. [6, Example 5.1.1]), which is quasi- 
isomorphic to Endc(P), implying we have a derived equivalence 

Homc(P,-) 

£)(c-dtrigrrf^fe) ^ Ll(*-dtrigr<ijfe) . 

where D{c-dtTigT^ji.) denotes the derived category of differential djfc-trigraded mod- 
ules. Given that the fc-grading is exactly the Ext-grading on Ext' (A, A) and the 
d-grading on \E' is the negative of the fc-grading, we will from now on ignore the 
d-grading on ^. 
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Remark 18 The algebra ^' is Koszul. The algebra is the quadratic dual of \E', 
and is generated by the quiver 



■p-i 



modulo relations £^*x*+x*^* = 0, x*^ = 0. We have an algebra isomorphism vl/ ^ vf' 
which exchanges with ep_s+i, exchanges ^* with ^, and exchanges esX*es-i with 
{~iyep-s+i£,ep-s+2- 



Hypotheses of Theorem 1151 We now gather the various facts that we need in 
order to ensure the hypotheses of Theorem [T3] are satisfied in our situation. 



The d- grading on the tilting module. First note that, as the rf-grading on t does not 
feature in our algebraic constructions, we are free to choose it as it suits us. We 
define t°'* to be the natural quotient of t which is the direct sum of costandard 
modules and t^** as the kernel of this surjection. This is obviously a grading 
on t with respect to which t is concentrated in degree and 1. As c is also non- 
negatively d-graded, a projective c-c-bimodule resolution t will also be concentrated 
in non-negative d-degrees. Furthermore, as t (X)c A ~ V, we automatically obtain a 
quasi-isomorphism t C3)c c'^** = tCSJcc"** = t°'*, which is the base step for Condition 
dub]) of Theorem [13 

Proposition 19. Set iAq,M_q) = K.tiF^F)- Then (A^Aiq) is a Richard object of 
lA such that 

(i) Both Aq and Mq are concentrated in non-negative d-degrees. 

(ii) We have an isomorphism Mq ®Aq — -^^g*- 

(Hi) The differential dk-bigraded c( Aq, M ^) -module (c(Aq. Af ^))"* generates the 
derived category Ddg(c(Aq,Al^)). 



Proof Claim for Aq follows from the fact that the d-grading on Pf,oPf(c t)^(-^' ^) 
is just given by the A-grading in the quasi-hereditary structure. The same claim 
for Mq follows from the fact that c and t are concentrated in positive d-degrees 
(as the base step in an induction) and the fact that t is concentrated in positive 
j-degrees, to ensure in the inductive step that only c and t are used in the iterative 
construction of Mq. 
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Claim ^ is checked by induction on q. The base step is explained in Subsection 
[7l and for the inductive step we compute that 

j>0,d>0 

as c is concentrated in non-negative d- and j-degrees 

^ t(A,_i,M,_l) ®c(A,_,,M,_,) (0 C°^- ®F {Mf\r) 

as Mq^i is concentrated in non- negative d-degrees 

- t(A,,l,M,_i) ®c(A,_„M,_,) ( C°^- ®F (MfiJ°-) 

as c*^** is concentrated in j-degrees 0, 1 
by the induction hypothesis 

= (t 0eC°-)(A,_i,M^_i)®^,_, 

by Lemma [5] 
= tO^''®FM®ii®A°*i 

3=0,1 

as t"*' is concentrated in j-degrees 0,1 
= t°^- ®F (Mfii)"* 

by the induction hypothesis 

as both t are concentrated in non-negative d-degrees 



For Claim (fiii|) notice that by Theorem [T6l (c(Ar,_i . i))"* is isomorphic to the 
sum over all the standard modules in the block bq which is well known to be a 
generator of the derived category. □ 



Proposition 20. Setting (a,m) = (c,t) and {A,M_) = ^{F,F), the assumptic 
of Theorem \15\ are satisfied. 



Proof. This is a summary of Lemmas [17] for Condition , and Proposition [19] for 
Conditions (E]) and Jm])- □ 



Before we can trace t through this duality, we need to consider a special case of 
homological duality. For a general account of Koszul duality, please see Appendix 
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Homologically self-dual algebras. Throughout the rest of this section, we work 
in a monoidal 2-category Dgolg whose objects are differential fc-graded algebras, 
whose arrows A ^ B are objects in the derived category of dg A-B-bimodules 
with product given by derived tensor, whose 2-arrows are morphisms in the derived 
category of bimodules, and whose monoidal structure is given by the super tensor 
product (8> over F. 



The tensor product of an algebra and its Koszul dual. Suppose ^ is a Koszul algebra 
with Koszul dual A . Let Ka = A ®ao A* denote the left Koszul complex for A 
and Ca = A A' the adjoint of the Koszul complex for A' . Let aK = A* A' 
denote the associated right Koszul complex. Given two fc-graded algebras A and 
B we denote p the algebra isomorphism A B B A that sends a (g) 6 to 



The tensor product A(E) A' — A(E)f A' is a Koszul self-dual algebra. The following 



lemma establishes that Koszul self-duality for A ( 
A- ig> A- when A- is a symmetric algebra. 



I A is homologically dual to p O 



Lemma 21. Suppose A is a symmetric algebra, thus A = A[s]{m) for some s. 
Then we have a commutative diagram 



A(g,A 
A^A 



Ca®A- 



■A®A 

p[s]{m) 



in Dflolg. 



Proof. We have a diagram 



A A- ^ A A 



Ka^K, 



A®A- 
p 



(A\I<!}ilAKA)®A!- 



■A®A 

P 



, Ca^A- , , 

A® A ^ A ® A 



which commutes because Caa'K is isomorphic to A and Ka'Ca is isomorphic 

to A (in the relevant derived categories of bimodules). We have A k ®a Ka — 
A* A (g)^o A* . This is isomorphic to A* ®a'- Ca' Ka which is isomorphic 
to A'* since Ca' and Ka are adjoint equivalences. We have A-* = ^[s](m) since A 



22 



VANESSA MIEMIETZ AND WILL TURNER 



is a symmetric algebra. This implies our diagram is equivalent to 



p 



A'<g)CA 



Km) 



A A 
p 



A® A > A o A 



□ 



The homological dual of t. The algebra is Koszul self-dual, and a homological 
dual of c. The differential jTc-gradcd bimodule (S)^o ^* with differential given 
by internal multiplication byx(K)^ + ^®a;, ic 

dia(g)b) = (-l)l°l'=(aa;(g)C6 + <®a;5), 

is a twisted version of the Koszul complex for Here we show \E''^ is 
homologically dual to the c-c-bimodule t. 

Lemma 22. We have a commutative diagram 




t{-i) 



in DgalQ. 

Proof. To begin with consider the Koszul algebra A = S{x), with x in jfc-degree 
(— 1, 1). Its Koszul dual is A — /\{ri), with 77 in jk degree (1, 0). We also consider 
the Koszul algebra with Koszul dual S{y), where again y lives in jfc-degree 
(-1, 1) and ^ in jk degree (1,0). We have /\{r])* ^ Aiv)M{-'^), and thus have a 
commutative diagram 



s{y)®K{r,) 



c.®A(«) 



■Mri)®m 

p(-i> 



where K and C denote suitable Koszul complexes and their adjoints. 

We record that the differential on Kj, ® is given by internal multiplication by 
X ® + S^® X, and thus maps a basis element of the form x^ ®b® d iov b,c,d 
in A(^)*> A(C).'S'(2/)* respectively, to (-l)"(a;"+i (g) r?6 (g) c d + a;" 6 (g) O yd) . 
Here the factor (—1)" is the sign obtained from the fc-degree of a;". 

We have a natural isomorphism 

K^®K^ = S{x) ® /\{vr ® A(0 ® S{yy 

= S{x)®/\{0^/\{vr<^S{yr; 
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denoting S{x) Cg) A(0 by B we obtain the i3-i?-bimodule B ® B* with differential 
acting on the left, sending an element a 6 to (— l)l'^l(ax ® rjb + igj yb, where 
again the degree of a is the power of x appearing, (note that the twist with p 
gets swallowed into B* = {S{y) = AivT ® S{y)*). We fix the canonical 

isomorphism {} : B ^ B which takes a; to y and ^ to rj. Our commutative diagram 
now takes the form 



B 



B 



(AW®A«))''{-i> 



This is clearly equivalent to 

B 



Cx®A(«) 



B- 



(c,®A(0)' 



(A('7)®A(e))''(-i> 
A(e)®AW 



where ^ is the isomorphism /\{Tj) ~^ Aiv) ® A(0 which takes ^ ® 1 to 

77 (g) 1 and 1 (g) ?7 to 1 (g) ^. This is again equivalent to 



B 



B 



(A('7)oA(C))'"''(-i> 



To prove the lemma we string this commutative diagram along a line. In order to 
do so, we place another grading (called the f -grading) on these algebras as follows: 
^ and X have degree —1,7? and y have degree 1. If we denote a shift by 1 in the 
/-grading by <1> then we have /\{r])* = A('7) ^ — !>• The category of /-graded 
modules for /\{ri) eg) A(0 isomorphic to a category of modules over the zigzag 
algebra Z, which is an infinite dimensional quasi-hereditary algebra as described in 
Section ini The category of /-graded modules for B — S{x) ® A('f) is isomorphic to 
a category of modules over the quasi-hereditary algebra with quiver 

« « C 

and relations — = 0, = 0. 

Similarly, the category of graded modules for B = S(jj) (g) A(^) is isomorphic to a 
category of modules over the quasi-hereditary algebra ^"00 with quiver 

ri n n 

V y y 



and relations rjy — yrj = Q^rf' = 0. 
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We now wish to lift the above diagram to this graded setting. In order to do this, we 
must specify how ■& : B B and i}' : AC'?)® A (6 ^ A(0® A(^) lift the graded 
setting, by specifying what they do on ^Pj^ = = . We do this by specifying 
that they send the idempotent ej to ej,+i_j (and denote this endomorphism of 
= = Z^ by a) and denote the resulting algebra isomorphisms by and 
(Tz respectively. More precisely cr* : ^'oo ^oo sends a; to y and ^ to r] and az 
interchanges ^ and rj. 

We obtain a diagram 




where v denotes the algebra automorphism of Z sending ei to ej-i, rj to rj and 
^ to ^ (coming from the fact that /\{ri)* = A(^) ^ and where Y denotes a 

"Jfoo-^-bimodule whose adjoint has homology ®i^zFei. 

The differential on '^9%, ^to again given by a (8> 6 i->^ (— I)!"! {ax 776 + 

yb), where the degree of a is given by the power of x appearing. 

We now carefully analyse the bimodulc (v&oo ^So)'^*- Note that as a 

*-bimodule (*^)'^* ^ ''(*So) so (*cx> ®*o^ ^So)"^* - *cx:> <8>*o^ ''(*^) and our 
diagram becomes 




with the differential on ^'oo'X'*^^ '^(*So) given by a®& 1-^ (-l)l"l(aa;(8)^6 + a^(8)a;6), 
where the degree of a is given by the power of x appearing. 

To truncate this to our finite-dimensional setting, it is more convenient to work 
with (8)*o^ '^'J'oo than * (g)*o^ ""(^So)- Note that the former is right adjoint to 
^'oo "^^oc, whereas the latter it left adjoint to the same bimodulc. Since we 
know we are dealing with equivalences, we can choose which dg bimodule we work 
with. The compatibility of adjunctions with differentials articulated in the appendix 
on Koszul duality concerning adjunction implies that on all these bimodules the 
differentials are given by the formula 

d(a(X)6) = (-1)^"^'' {ax ig) S,b + (g) xb). 

Under the adjoint equivalences between derived categories of Z and ^'oo determined 
by Y the subcategory of modules generated by vertices I with I > r corresponds to 
the subcategory of modules given by vertices with I > r. Indeed, since under the 
functors between S{x) and /\{r]) determined by Cx simple A('7)-iiiodules correspond 
to injective S'(a;)-modules, it follows that under Y the simple Z-module indexed by 
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I corresponds to the ^foo-module with socle I and composition factors lJ + 1,1 + 2, ... 
in ascending radical degrees. 

It is a general feature of the theory of quasi-hereditary algebras that cutting at an 
idempotent corresponding to a set of vertices which forms an ideal in the partial 
order corresponds to taking a quotient of derived categories in which the simple 
objects corresponding to the complementary set of vertices are sent to zero. We 
can consequently cut on both sides at the idempotent e<p given by the vertices < p 
and obtain a commutative diagram 



e<p*ooe<p 
e<p^ooe<p 



- e<pZe<p 

e<j,(Z<'z-)e<p(-l) 

■ e<pZe<p. 



Computing e<j,vl/^ 0^0^ '^*ooe<p we see that Ca^^efc ®*o^ efe'^^ooGb =/= 0, for 
a,b < p forces k < p and also p + 1 — k < p, and therefore fc > 1. But fc > 1 
implies a > I and k > p implies > 1, so we have 1 < a,b, k < p and e<p5'^ (8)^0 
°'^ooe<p = 5** <8)>i>o '^5'. Therefore our diagram becomes 



e<pZe<p 

e<p(Z''z"')e<p(-l> 

■ e<pZe<p. 



Twisting by the anti-automorphisms a of Z and '^00 which exchange e; and Cp+i-i 
and fix ^, 77 and x, gives us a commutative diagram 



* ■ 



e>iZe>i 

e>i(Z'^''z)e>i(-l) 

e>iZe>i 



since P is the opposite of Y . Note that upon taking opposites, left differentials on 
dg biniodules become right differentials, and vice versa. 

Computing e>i(Z'^°'^)e>i = (e>iZe<p_i)''°'^ , which from Section [5] we know to 
be isomorphic to t as bimodule over e>iZe>ie>i/Ann(e>i(Z'"^^)e>i) = c, so our 
commutative diagram finally yields 



t{-l> 



Vj/ C. 

p 
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As above in the infinite case, 5'°^ ^f* induces a derived self-equivalence of 5* and 
is left adjoint to the equivalence given by 5' (g)"'^', whose right adjoint is 5** (8)^o '^'i>, 
so it is left to us which adjoint we use in out computations. □ 

Remark 23 As Remark [T8l provides us with a 'I'-^'^-bimodule isomorphism = 
^f"^, we have a vI/-v[/-bimodule isomorphism between the homological dual of t given 
by (g)^s,o '^(^'*) and the Koszul complex Vf' (g)^o ^P*. Note that however the differ- 
entials are not the same: In the Koszul complex (after applying our bimodule iso 
vj/- ^ v]/'^)^ the differential is given by 

acp+i-i ® eih ^ axep+2-i 'Si e;_i^6 + (-l)'a^ep+2-; ® ei-ixh 

whereas our complex has a differential 

aep+i-i ® eib ^ (-l)l'^l'= (aa;ep+2-/ ® ei_iS,b + ® ei^ixb) 

where again the /c-degree of a is determined by the power of x appearing rather 
than by idempotents as in the Koszul complex. 

It follows from Lemma [22] that -F(t) is quasi-isomorphic to a twisted version of the 
Koszul complex for ^, shifted in j-degree by 1, namely to 

with differential given by internal multiplication bya;Cg)$ + ^<8)a;. 

The triple. Adjunction gives us a quasi-isomorphism 

®mo ^*'' ®mo * ^ vp. 
It follows immediately that J^(t~^) is quasi-isomorphic to 

■= *(-!) 

with differential given by internal multiplication by x (X" ^ -t- ^ ® a:. The fc-grading 
on is identified with the fc-grading on 5'°' (8)^o '!'(— 1) inherited from the fc- 
grading on 4', which is different from the usual homological /i-grading on the Koszul 
complex; nevertheless the differential has fc-degree 1. 

Putting these observations together and setting ^ — ^^^), we have 

Proposition 24. The triple (5',^) is quasi-isomorphic to F(c,t). 

8. Expressing w via (vp, ^, >J<~^). 

We demonstrate here how the analysis of homological duality of algebraic operators 
made above can be used to reduce the computation of the Weyl extension algebra 
w of the principal block of GL2 to the computation of the homology of a certain 
tensor algebra. 

Proposition 25. We have Wq ^ OpO'^j^,^JF[z]). 
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Proof. We have algebra isomorphisms 
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wq =m¥F,o¥VUiF,{F,F)) 
= HPj.,oP^(^^)F(F,(F,F)) 

-DHF£)^T,^^,(^(t))H(F[z,z-i]) 



Theorem [T51 

Theorem [T5l Proposition!^ 
F(F,(F,F)) = 
Lemma [TUl 
Lemma [5] 
H(F[z]) = F[z] 
Proposition [24l 



In the following section we study the algebra HT* {^) , and show that it is isomor- 
phic to the algebra T defined in the introduction. 



9. The algebra HT.i,(^<, 

To obtain a combinatorial description of HT,i,(^) we first analyse its ^I'-^'-bimodule 
components, then how to multiply these components, before reducing the structure 
to a basis given by points in a polytope. 



A bimodule. Here we define and study a certain bimodule M for the algebra ^ 
which is prominent in the homology of . 

We define Li e ^f-mod to be the module with basis {x.x',^.x'|0 < i < p— 1} where 
e/ acts as the identity on x.xP~^ and ^.x^~^ ^ the generator x acts on the second 
component in the obvious way, and ^ sends x.x^ to ^.x'^^, whilst killing ^.x^"'. 
Thus Li is a left ^'-module of dimension 2p, whose Loewy structure is 

^\ 

p — 1 P — 1 



2 

1 1. 



We define Lj. e mod- 5* to be the module with basis {x'.a;, a;'.^|0 < I < p ~ 1} 
where ei acts as the identity on x^~^ .x and x'^^.^, the generator x acts on the 
first component in the obvious way and ^ sends xKx to a;'+^^. Thus Lr is a right 
^'-module of dimension 2p, whose Loewy structure is 
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1 1 




p — I P ^ 1 

^P-^ ^P. 

The algebra \1/ has a fc-grading, with the symbol x in degree 1 and the symbol ^ in 
degree 0. This gives ^ the structure of a dg algebra with trivial differential. The 
dg bimodules ^ and ^""'^ admit natural fc-gradings, with x in degree 1 and f in 
degree 0. 

Both Li and Lr carry a natural j-grading, by placing the symbols x and ^ appearing 
in the basis elements in degrees —1 and 1 respectively. We give Li and Lr a fc- 
grading by placing ^.x', x'^ in degree I — 1 and x.x', xKx in degree 

We denote by K'l ~ ^P'^^^P* the twisted left Koszul complex, with differential given 
by d{a(E)b) = {-ly^-^" {ax ($• + a£_ ® xb) . We denote by K'^ = ^f* (g)'^ 5' the twisted 
right Koszul complex, with differential given by d{a<^b) = (— l)!"!*: (ax(X)^6+a^(g)a;6). 

Lemma 26. (i) We have ^ Lr{p — 1)[2 — p] and L* = Li{p — 1)[2 — p]. 

(ii) As ungraded modules, every nonsplit extension of the injective 5'*e/i by the 
projective ^te/j is isomorphic to Li; every nonsplit extension of the injective 
e/i^* by the projective is isomorphic to Lr- 

(Hi) K'l Li is quasi-isomorphic to Li{p — f)[f — p] and Lr 0* K'^ is quasi- 
isomorphic to Lrip — — p]. 

(iv) As ungraded modules, we have Ext^(L.,^') = Ext^(**,i:,) = 0, /or < d < 
p — 2, and • € {I, r}. 

(v) There is a unique nonsplit extension of L, by an irreducible module for • £ 
{l,r}, forming the middle terms of short exact sequences 

^ *°ep_i -^Ei^Li^O, 

^ 62*" Er Lr ^ 0. 

Proof. Both @ and (jnl are proved by easy explicit calculations. The proof of (jinl) is 
a little more subtle as we need to drag j and fc-gradings through Koszul duality. The 
algebra ^ is Koszul self-dual. We consider the image in D^(^) of modules under 
the endofunctor K' where K' = K[ is the twisted Koszul complex for Vt. Here 
the fc-grading on the dg ^'-4' bimodule K' is inherited from the fc-grading on 4', 
and not the homological /i-grading on the Koszul complex. Classical Koszul duality 
sends projectives to simples and simples to injectives. Likewise, here we know that 
K' '^^Cs is quasi-isomorphic to ^'*ep+i_s and K' VPe^ is quasi-isomorphic to 
^^epj^i-s- Applying K' (g)^ — to the exact triangle VPcp Li ^ *"ep gives us 
an exact triangle ^""61 K' ®^ Li -^5'*ei The unique extension of 4'*ei by 
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^°ei is Li and thus K' Li is quasi-isomorphic to Li. To see the gradings, note 
that a projective resolution of Li is 

Pi(-(p-2))[-i]ePi(-p)[o]^--- 

> Fp_i(0)[-1] ® Pp_i(-2)[0] ^ ® Pp{-im. 

This has a fihration with sections Pp+k{k + l)[fc — 1] ® Pp+k{k — for k — 

0,— — p. Tensoring with K' , which is quasi-isomorphic to 5'"'', we obtain 
Li{p — — p] as required. The proof for Lj. is similar. 

Claim (pv)) follows from our projective resolution of L/ above because applying 
Homii,(— , ^P) to that linear resolution gives a linear resolution of Lr, whose homol- 
ogy is concentrated in a single degree. 

Claim (jvj) again follows from explicit computation. □ 

We have an cndomorphism t of Li of jk-degree (2, —1) which sends x.x'' to f .x', and 
^.x' to zero. Writing A for the exterior algebra on t, we thus give Li the structure 
of a \E'-A-bimodule. We have an endomorphism t of Lr of degree 2 which sends x' .x 
to x'.^, and x'.^ to zero. We thus give Lr the structure of a A-^ bimodule. 

We define M to be the ^'-^'-bimodule Li (gj^Lr- We define r to be the involution on 
^' that sends x to x and ^ to — ^. The bimodule M has some intriguing properties: 

Theorem 27. (i) We have M* = M{2p)[-2p + 3]. 

(li) We have ^ 0Co-^i(-l - h)[h] and 0Co^'-(-l " MN- 

(iii) We have a short exact sequence of bimodules 

^ ^{-p-l)[p-l] M ^ {-p + \)[p ~ 2] 0. 

(iv) We have a quasi-isomorphism between '■h^ (Ei'Si M and M'^ (ip)[i{l^p)], fori G 
Z. Similarly we have a quasi-isomorphism between M®^,'^^ and M'^ {ip)[i{\ — 
p)], for i e Z. 

(v) We have an exact triangle in the derived category of differential graded vp-v]/- 
bimodules 

^ (i>[o] -> 

where r is t/ie automorphism that sends x to x and ^ to — ^. 

(vi) We have an exact triangle in the derived category of differential graded 
bimodules 

^ M(-p + - 1] ^ *(0)[-l] . 

Assume p > 3. 

fwj W^e /laue Horn* (M,Af) ^M(p+l)[l-p] anrf Af (g)* M ^ M(l -p)[p - 1] as 
jk-graded "i! -"^ -bimodules. 
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Proof. (jH We have isomorphisms of bimodules 

M* = Hom(L; (g)A Lr,F) 

= HomA(i/, Hom(Lri -f)) 
= HomA(ii,ii) 
= HomA(i,,i, «)A A)) 
= Li (KiA HomA(i/, A) 

^ M 

We are using here that Li is projective a right A-module, some adjunctions, and 
the fact that A is a symmetric algebra. The gradings match up as described: M 
is concentrated in j degrees down to —2p, thus M* is concentrated in degrees 2p 
down to 0; M is concentrated in k degrees —1 up to 2p — 2, thus M* is concentrated 
in degrees 2 — 2p up to 1. 

(im) This fohows directly from the definition. 

(pSl) To embed in M, we send e/j G ^' to x.x'p^^ (g) x'''~^.x G M, a map of (j, fc)- 
degree {—p — l,p — 1). The quotient map corresponding to this embedding is then 
dual to the embedding. 

(pv]) As one-sided modules, this follows from Lemma [26] We know that ^ is 
Ki accompanied by a shift in j-degree by 1. It follows that ^ (g)^ L/ — Li{p)[l — p] 
and consequently that ^ M = M (p) [1 — p]. The left-sided statement follows 
from the fact that K' (S)\si M = M'^ as ^'-^'-bimodules, the right-sided statement 
similarly. We do not establish the twist by t here; a detailed analysis confirming 
the twist appears in Corollary 1321 and Lemma l36l 

(jvj) The triangle is obtained by tensoring the exact sequence of part (plil) on the left 
with 5''^ (g) 5* and then shifting in j-degree by p. We use part (pvT) . 

(|vi| The triangle is obtained by tensoring the exact sequence of part (jvj) on the left 
with '^'^ (g) *(-!). We again use part (jrv)) . 

(jvu)) First note that applying Hom*(— , M) to the short exact sequence of (jm]) gives 
us a long exact sequence 

... ^ Ext^(^'*,A/) 4- Hom(*(-p-l)[p-l],M) ^ Hom(A/, M) ^ Hom(**,Af) ^ 0. 

By the preceding lemma }iom^{^* , M) = Ext^(vE'*, M) = 0, and so 

Hom^, (M, M) M{p +l)[l-p]. 

Since the map Hom^ (M,M) — > Hom^(^,A/) is a bimodule homomorphism, we 
have Hom^(M, M) = M{p+ —p] as jfc-graded ^-^P-bimodules. By adjunction 
and part (jij) we have 

HomF(Af M, F) ^ Homv[,(Af, M*) = 

Homq,(Af, A/(2p)[3 - 2p]) 9^ Af (3p + 1)[4 - 3p], 

and so duality gives us M ®^ M = M {—p — l)[p — 1]. Again, jfc-degrees can be 
easily checked. □ 
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Lemma 28. We have a himodule ®a Lr where 9 is the automorphism of A 
sending t to —t. As a ^ -"^ -bimodule, (8) Lr is isomorphic to M'^ . 

Proof. On both ^\ and M"^, internal multiplication hyx^£,+£,(E)x is zero. 
Since the spaces have the same dimension, and are quotients L; (8)_f they are 
isomorphic. □ 

It is convenient to truncate M a little. We have a j-graded bimodule homomorphism 
M (^'^Bp)'' which sends x.l 1.^ € M to Bp, and sends all other basis elements 
of M to zero; we define M to be the kernel of this homomorphism. 

The projection map \E' (g)^o '^^I'* Fep (g) Fel that factors through ® '^^1'°* is a 
homomorphism of dg bimodules. We define to be the kernel of this projection; 
it is quasi-isomorphic to 5''^ = ®fi=i(^°e?i)'^ ^ right and left dg module. 

Lemma 29. (i) We have an exact triangle in the derived category of -'^ -bimodules, 

(a) The homology of the left "^-module >h~^eh is isomorphic to if h=\, to 
El if h = 2, and to Li ® ^^en if h > 2. The homology of the right ^-module 
eh*^~^ is isomorphic to ei^ if h = p, to Er if h = p — 1, and to Lr © e^^*^ if 
h <p-l. 

Assume p > 3. 

(Hi) We have 

Hom>t(M, M) = M{p + 1) [1 - p] 

and 

Id ®^ M ^ M = M = ^ = M{-p -l)[p~ 1] 

as "^-'^ -bimodules. 

Proof. The triangle comes from the triangle in Lemma [27]|v] by cancelling the 
quotient (5'°ep)°' — > (^'°ep)'^ of M 5'"'^ that is zero in the derived category. 

(jni We have a quasi-isomorphisni between and vj/OJ— l]. 

(pUl) We have an exact sequence of bimodules 

^ M ^ (*°ep)'' ^ 0. 

Applying Hom(— , M) in the category of left modules gives us a long exact sequence 
^ Ext\«'°ep, M) ^ Hom(M, M) ^ Hom(Af, M) ^ Hom(^'"ep, M). 

Since Hom(5'0ep,M) and Ext^(^'Oep, M) are both zero, we find Hom(M, M) = 
Rom{M, M) ^ M. Again HomF(M(8),i,M, F) = Hom*(M, M*) ^ Hom*(M, M) = 
M, and dualising (using again M* ^ M), we obtain M (g)* M ^ M. Working in- 
stead on the right, we obtain Meg)* M = M. By duality, we have an exact sequence 
of bimodules 

^ M* ^ M ^ (I'^ei)'" ^ 0. 
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Applying Hom(Af, — ) in the category of left modules gives us a long exact sequence 

Ext^(M, (^''ei)'^) ^ Rom(M,M*) ^ Hom(M, M) ^ Honi(M, (*°ei)'") ^ 

Vanishing of the first and last terms of this sequence gives us an isomorphism 
Hom(M,M*) ^ Hom(M,M), so Hom(M,M*) ^ M{-p). Adjunction and M* ^ 
M again give us M (Si M = M. All gradings match with those of the previous 
lemma. □ 

Lemma 30. We have natural homomorphisms of -"^ -bimodules a, j5, and 7, that 
make the triangles 



M Ovp S- Mep{p - l)[l-p] 

M(p-l)[l-p] 



(8)*M 2-eiM(p- 1)[1 -p] 

M(p-l)[l-p] 




*ep(-2)[0] 



*(-2)[0] 



commute. 



*(-2)[0] 



■ei*(-2)[0] 




Proof. The arrows /3 are the obvious embeddings. The arrow a in the top left hand 
diagram sends an element aSh ® ei G Li S> Lr ® to a® hep for / = 1 and 
to zero for / > 1; The arrow a in the top right hand diagram sends an element 
ei ®h® c e ® Li ® Lr to eib ® c for Z = 1 and to zero for I > 1. Those 
maps restrict to the arrows a in the bottom diagram. The arrows 7 are merely 
compositions of a and j3. □ 

Explicit formulas for the homology of for i < —1. We define T~ to be 

the homology of T*(^^"'^). 

Let i < — 1. We are interested in describing explicit formulas for a basis of T*, as 
a subquotient of 

To simplify notation, in the remains of this section we omit shifts in j fc-degree. 

The case The differential on = (g) ^'(-1) is given by d{a (g) 6) = 

(—1)1°!'= (ax ®£,b + a^® xb). We record that x and ^ super-commute in homology: 

Lemma 31. In EI(*'^ (g) we have x'^en (g e^^x' = -x''~'^^eh (g ehx'+'^. 

Proof. This follows immediately from the fact that the image of x'^~^eh-i ® Ch-ix'' 
under the differential is {—l)'^~^{x'^eh en^x'' + x'^~^^eh (g e^ta;'+^). □ 

We deduce from this the twist required on our copy of M in homology: 

Corollary 32. The component o/]HI(\[''^ (g^o generated by ep(gei is isomorphic 
to as a ^ -himodule. 
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Proof. The element Cp ® Cp of 5'°' (^^^o maps to zero under the differentiaL Since 
the bimodule M has simple top S'p ®f S°^{—1) and we have a unique composition 
factor of 5''^ (S> isomorphic to Sp S"^, we conclude the element Cp ® ei of ^''^ (8> ^' 
generates the factor of H(^~^), whose basis elements written into pictures of 
the composition structures for M look like 
Bp ® ei 

<8> ei ig) d 



for ]HI(*'^ ^')ei, and 



a:ep (8> a; xep (g a; 

\ ^ \ 

x^Cp (g) a;'^^^ a;^ep (8) a;'~^ 



a;P"^ep (g) a;'"2^ a;P"2ep (8) a;'"^ 

for IHI(^°" (8),j,o ^)e; for Z > 2, where we have used Lemma [3T] to move all the f to 
the rear. 

To see the twist by r, note that internal multiplication by x (g) ^ can be identified 
with the negative of internal multiplication by ^ ® x, by Lemma |311 □ 

It is easy to see that ^ (g) ^ e VE''^ (g) lies in the kernel of the differential, but 
not the image, hence contributes to homology; this factor of homology has zero 
intersection with the factor of (^'e^)'^ Cgei^ described above, since the components 
^eh'S^Sp+i-hS, of ^Cg^ in homology all belong to a subquotient of (\E'e?i)°'g)ep+i_h* 
for 1 < /i < ]3 — 1. These components ^Ch gi Cp+i-hS, of ^ g) ^ for 1 < /i < p — 1, 
shifted by —1 in j-degrec, thus give us the factor 5'° of homology. 

The case i — —2. Following the super sign convention, the left differential on the 
dg ^'-vE'-bimodule VP'^ g)^o ^'^ g)^o vj/ is given by 

d(a(g6g)c) = (-l)l''l'=(axg)^6g)c+a5g)x6g)c) + (-l)l"l''+l''l'=(a(g6xg)^c+ag)6^g)xc). 
for a, e c e^. 

Lemma 33. w = g) ^ 1 - 1 g) ^ g) ^) G g) g) 4' lies in the kernel of the 
differential. 
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Proof. This is straightforward. There is no nontrivial super-commutation involved 



The two dimensional subspace Cp Cg) (ci'^ep)"' eg) ei of 5''^ (g) 5'°' eg 5* has basis {cp (g) 
a;P~^ eijCp (8) ei} maps to zero midcr the differential, and represents 

the two composition factors of ^''^ (E) 5''^ <E) ^' isomorphic to Sf, Cg 5'°''. Since as an 
ungraded bimodule, M has a two dimensional top isomorphic to {Sp 5*^^)®^, we 
conclude that the factor M of homology is generated as a bimodule by {ep<SixP~^ 
ei,ep(g) xP~'^S, (g) ei}. 

We know that w={^<S)^<S)l-l<S)^'S)£,)e'b'' v]/ hes in the kernel 

of the differential but not the image, hence contributes to homology; this factor of 
homology has zero intersection with the factor of (^'Cp)'^® (ei5'ep)'^Cgei\E' described 
above, since the components * (g) ^ ^' and (g) {xP~^ ,x^~^^) (g) "if have different 
degrees in the middle tensor. The elements eiwei must be generators of the factor 
for 1 < ? < j; because eiFwei = S'/ (g) 5*°^ as a \I>°-\l/°-bimodule, and all 
composition factors of the regular bimodule for outside the top are isomorphic 
to Si for I m. 

Lemma 34. We have ^0^0 x^^^ = (-l)^^^"^ (g) ^ (g) ^ in H(4''^ 0^0 i^^o 
for 1 < d < p — 1. 

Proof. We get the first element by multiplying w = (^(g)^(8)l — l(g)^(g)^) on the 
right by and the second by multiplying w on the left by {—iy~^xP~^. We 

can show explicitly that xw = —wx in homology, since 

wx = ^(g)^(g)a:; — l(g)^(g) S^x, ~xw = a;(g)^(g)^ — .t^C^C^Ij 

and both are equal to^(g)^(g)a;-|-^(g)a;*(g)^-(-x(8)^ig)^in homology thanks to the 
following computations of images under the differential acting on the left: 



Lemma 35. The component of H(^''^ (8)^o ^) generated by w is quasi- 

isomorphic to as a -"^ -bimodule. 

Proof. We have xw = —wx and = —w^. So the component of homology is 
given by ^f^, where ( is the automorphism that sends £, to — ^ and x to —x. This 
automorphism is inner, being given by conjugation by l)'e;. Consequently 
= * as *-*-bimodules. □ 

Lemma 36. The component ofM{^"' 0^,0 5''^ 0^,0 vf) generated by Cp xP~^ (8) ei 
and Cp ei is isomorphic to M as a -"^ -bimodule. 

Proof. We have 

d(a;ep eix^"^ 62) = (-l)P"^(a: x^'^ ^ + a; xP"^^ x), 
d{ep-i e2a;P"^ eix) = (x ^x^"^ a: + ^ a:;^"^ x). 
Thus a; xP~^ ^ = —a; a;^"^^ a: = ^ xP~^ x, so internal multiplication by 
a;0^— ^0a; in our copy of M is zero, which means the bimodule M is untwisted. □ 



since ^ has A;- degree zero. 



□ 



(i:^0l0li-)-(^0^0a; + ^0a;0^ + Ca;0^0l), 
d:l0l0^i-^-(^0x0^ + a;0^0^ + l0^0 x^,). 



The result follows. 



□ 
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The case i < — 3. 

Lemma 37. As a differential jk-graded -"^ -bimodule, T^(^~^) has a filtration 
with sections 

M{-p + 1) ^ 

M^{-2p + 1) ^ M^(l) ^ ^'O'^(l) 

M(-3p + 1) ^ M{-p + 1) ^ ^ 

in the j -grading, and 

M\p - 1] ^ 

M^[2p - 2] ^ ^[-1] ^ *o<^[-2] 

M[3p - 3] > M\p - 2] ^ *[-2] 

in the k- grading 

Proof. Wc have separated j-gradings and fc-gradings for typesetting reasons: the 
diagrams get too comphcated otherwise. In the statement of the lemma, and in 
similar statements in our script, we take a sequence of arrows 

Xo ^ Xi ^ ... ^ Xi 

to represent an object of the derived category with a filtration whose sections are 

isomorphic to if wc replace Xi by an isomorphic projective resolution, then 

the object is isomorphic to a complex formed by taking the total complex of a 
complex of such resolutions. The rows of the diagram correspond to for i G Z<o. 
Everything follows from preceding lemmas: we obtain the components of by 
applying >h~^ (g) - to the i + 1 terms in for l>l. □ 

We now assume i < —3, and write a basis element in ]H[((\I''^ as an 

—i + 1-fold tensor. 

Theorem 38. (i) Fori even, we set 

= ±ep (a;P-i)®-i-i-2/ ^ ^ ^)0/ ^ 
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and 

= ±ep «) a;f~'e ® (xP"1)®-*-2-2/ ^ ^ ^)»/ ^ 

/orO</<^. 
(ii) Fori odd, we set 

x/,_, = gp ® (e ® ei 

= ±ep ® (xP-i)®-»-i-2/ ^ ^ ^)»/ 

^ e H((*'^ *)®-*) 
forO< f < ^^,and 

= ±ep ® xP-^S, ® (a;P-i)®-»-2-2/ ^ ^ ^)®/ 
/orO</<^. 

For f < — elements 'x.f-i and Yf-i generate the possibly twisted copy of 
M in the corresponding homological degree as a bimodule. For f = — ^— (and i 
odd), Xf _i generates a possibly twisted copy of M . 

Proof. In all cases the equivalence in homology of the two given representatives 
follows from Lemma [34l We proceed by induction on i. Cases i = —1 and i = —2 
have been examined above. So assume the statement is true for — i + 1, i.e. xy ^i+i 
and y/__i-(_i are nonzero in H((5'°'(8),po5')'*~*+^) for / < — ^iid generate copies of 
AI as a bimodule. In particular, this means that Xf^-i^ixP~^ and y/.-i+ix^^^are 
nonzero in H((4''^ ^vpo But since H((4'''' (g)vi,o 4')«'-*)ei = H((^''" (g)^o 

v[/-)®-i+i)gp (g) ei, this means that 

x/,_i+ia;P"^ (8)61= x/,_j 

and 

y/,_,+ixP-i ® ei = ep ® ® (2;P-1)®-'-3-2/ ^ ^ ^p-i ^ 

= ep ® (8 (2.p-l)®-»-2-2/ ^ ^p-2^ ^ 

are non-zero in H((^''^ (gq-o 5')'*^*). Since CpMei is two dimensional, we see that 
they must be the generators of the corresponding copy of M. It remains to consider 
the cases i even, / = and i odd, / = . For the first case, we know by the 
inductive assumption that 

= Cp (g) (E) O'^f ^ ei 

is non-zero in homology and generates a copy of M. In particular this means that 
X f^-i+ixP~^ and x/^-i+ix^"^^ are non-zero and, arguing as above, that x f^-i+ixP~^(E) 
ei = Xf-i and Xf^-i+ixP~'^^^ei = Yf-i are nonzero in IHI((^''^ Cg)cO ^')®~*) and be- 
cause CpMei is two dimensional, generate a copy of M . Now consider the case where 
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i is odd and / = — y^, i.e. consider the element x -i-i _j = Cp ® (g) ei. 
This is obviously in the kernel, but not in the image of the differential and hence 
non-zero in H((\I''^ (X)^o 4')'*"*). Since CpAfei is one dimensional, it must be the 
generator of the corresponding copy of 11(5''^ (g)^o v]/). □ 

The remaining homology is given as follows: 

Lemma 39. (i) For i even, the elements eiw~ei (for 1 < I < p) generate, as a 
-"i -himodule the factor isomorphic to * in ]HI((*'^ (g)^o 

(ii) Fori odd, the elements ei{^'Si£,)^^~ ei fori <l <p—l generate the bimodule 
isomorphic to in H((\I''^ 

Proof. For i even, the elements eiw~ei for 1 < I < p are certainly in the kernel 
of the differential, and the elements are not in the image of differential, for lack of 
tensor factors x. They must be generators, because ei{Fw~)ei = Si (g) as an 
ungraded 5'°-5'°-bimodule, and all composition factors of the regular bimodule for 
^ outside the top are isomorphic to Si ® S°Jl ioi I ^ m. 

For i odd, the given elements have ^ in every tensor factor, hence are non-zero in 
H((\E''^ 0,^0 5')'*"*). They generate the desired semi-simple bimodule since that is 
all the homology not accounted for by factors isomorphic to M and M. □ 

The dg algebra T^(^,^~"'^). Suppose p > 3. Here we examine the dg algebra 
T,p(^), whose homology we call T. For reasons that are articulated in Lemma 02] 
we do not care about the entire algebra structure: all we want to know about the 
product is what it looks like when composed with projection onto the subspace 
^Tvi,(»^"^). We define T±i to be the homology of T>i,(»5<=^^). 

Lemma 40. As j-graded ^> -'i' -bimodules, can be identified with the homology 
of 

Ar{i) — ^^'O'^(i) 

M{-p+l)— 

M^(-2p+ 1) ^Ar{l) 

M{-3p + 1) ^ M{-p + I) — ^ * 

As k-graded ^> -'i! -bimodules, can be identified with the homology of 

M[p- 1] — - — ^ 

2] ^ Ar[l] ^ ^""[-2] 

M[p - 2] — - — ^ *[-2] 



M^[2p- 
M\3p - 3] 
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As an ungraded -"^ -himodule T"*" can he identified with the homology of 



— ^ M — ^ M 
— 

^* 



anrf 



Proof. The point is that the rows correspond to for i G Z. Almost everything 
foUows from preceding lemmas and standard facts about Koszul duality. For ex- 
ample, we obtain the components of by applying Koszul duality to the i + 1 
terms in for i > 1. 

Why does ^ split off from M in homology in It is generated as a bimodule by 

^i8>^(Eil — IfEi^®^, whereas the copy of M is generated as a bimodule by ep®xP~^®e\ 
and Cp ® xP~'^^ ^ e\. Since p>2> the middle term in the tensor generating ^ has 
different radical degree from the middle term in the tensors generating M, and 
since images of monomials in x and ^ under the differential on have middle 
terms with identical radical degrees, whilst multiplying such a monomial on the left 
or right by a monomial in does not alter the radical degree of the middle term, 
there is a splitting as required. □ 



Rewriting the above expressions we see that as j-graded ^''^-^''^-bimodules, T- 
can be identified with 

M{-p+l) © * 
M{-3p+l) © M{-p+l) © * 
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whilst as /c-graded \l/°-\l/°-bimodules, T-^ can be identified with 













W 


® 


Vj/Ocr 




1] ® 






Ar[2p-2] © 


W 


® 


V]/Ocr 


® M[p- 


1] ® 







Theorem 41. T/ie algebra T zs isomorphic to the algebra given by 

T^, (M{l)u © W^{l)v) ®fF[w\ 

modulo the relations v'^ = 0, uv — ~vu = w, the relations xu = —ux, xv — —vx, 
iu = u^, = vS. for x,^ G 5*, and relations that ensure products on the generators 
M and are given by the maps 

7 : M (g) \1>0'^ "^w, 7 : ^f""^ (g) M -> 

defined in Lemma UUl here u, v, and w are formal variables. 

Proof. Again, to simpUfy notation, we omit shifts in j-degree. It is clear from the 
defining relations, and properties of the bimodules, that the algebra defined by 
generators and relations is a quotient of the space 

Mu^lp-l] ® 
M^u3[2p-2] ® Wuw ® W^vw 

Mm4[3p-3] ® Mu'^w[p-l] ® ^w"^ 



as a \E'-^'-bimodule. Thanks to the relations between u, x, and ^, we have Mu* = 
M'^ as ^'-^E'-bimodules. We now observe the existence of an algebra homomor- 
phism from the algebra defined above to T~ which identifies Afw® \E'°°'u with , 
identifies v with © identifies Mu^ with the component M of _ff (^^^), and 
identifies w with ^©^g)! — lig)^©^ . Note the relation uv = —vu comes from 

the fact that the sign preceding 1©^©^ in^©^©l — 1©^©^ is the negative of 
the sign preceding ^ © ^ © 1. The preceding lemma implies that we have an algebra 
isomorphism from the homology of this algebra to T~. □ 

We can extend the above to include multiplication by the subspace IHI(^<), which 
we identify with \E'°'^(l)[0]z, where z is a formal central variable. The products 

Mu'^w'' © ^ Mu'^^^w", ^"''z © Mu'^w'' ^ Mu'^-^w'', 
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are given by maps 7; the products 

are given by multiplication; and the product of 5'°'^z and '^^'-'"'w is zero. 

In this section, we have described the product on T-^ in its entirety: the space is 
isomorphic to 



M © 

A'r © jf 

M ® M (B 

and all products on these components are described by the natural maps M ®M — ^ 
M, M v]/ — 5. M, vji M — >• M, and ±7; we use here the natural bimodule 
isomorphism ^M^ M that sends ® e ^L/ ® LI to ® x™. We 

describe a polytopal version of this in section [HI 

The case p=2. In the preceding section we assumed p > 3. Here we explain how 
to adapt the results to the case p ^ 2. This case is exceptional because when p = 2 
we can extend Li by a projective ^-module. We do not need to worry about signs 
because 1 = — 1 modulo 2. 

Let S'^{x, ^) be the collection of polynomials in x and ^ of degree h, a vector space 
of dimension h + I. We have a natural product map 

S''' (x, e) (E) S^^ {x, ^ S^'+^^ (x, 0- 
For i < 0, we define V-i to be the ^'-^'-bimodule 

S-^{x,Ol © S-'{x,Or 

S-'+\x,0 

where x and act by left multiplication sending S^'^^^{x,£,) to S~^{x,£_)i, sending 
5^*(a;,^),- to sending S~^{x,£_)i and ^^^^^(x,^) to zero; where x and 

^ act by right multiplication sending 5^*^^(a;,^) to S~^{x,^)r, sending S~^{x,£_)i 
to S~^~^^{x,£,), sending S'~*(x,^)r and to zero. We have 

Lemma 42. Lef p = 2. T/ie homology of is isomorphic to V-i, for i < 0. 



© 
© 



Proof. The top has a basis of elements of the form \ ® ai ® ... ® a_i_i ® 1, where 
ai, a_i_i is a list of letters consisting of d xs and n — 1 — d ^s. The basis element 
is independent of the order of the elements in the list. □ 



THE WEYL EXTENSION ALGEBRA OF GL2(Fp) 41 

The product on is given by the product on the algebra S(x,S,) whenever de- 
grees and idempotents match up appropriately, and zero otherwise; for example the 
product of Sf^ and is zero, whilst the product Sf^ ig) Sf'' Sf'^^ is given by 
the natural product on S{x,^). 

The action of = (ei (8> 62, 62 ® ei) on T* for i < 1 is given here by the maps 

which are the identity on a component S'^{x,£,) C T*, T*+^ whenever idempotents 
match up appropriately, and zero otherwise. 

Truncating T. The reason for our intricate analysis of T is it enables our de- 
scription of the algebras DfO\{F[z]), and therefore by Proposition [25] the Weyl 
extension algebra of GL2, since it is a limit of such algebras. It turns out that 
to describe the algebra structure on DFOy{F[z]) we only need to know about 
multiplication on the part of T featuring H(^*) for i < I. Here we justify this fact. 

Note that for i <^TL, 



(4) 



= (H(^®')yi''=i(»j^ 



ki-\-k-i —k 



V/C2 + fe2 = fel / 



where, for Z < we interpret as ^)®~'. 
A typical direct summand of this looks like 



Lemma 43. Fori < 1 and any k G Z, no direct summand of O'^j^^^ ^_ijH(_F[z, z ^]) 
involves tensor factors IH[(^'**)^''' for i > 1. 

Proof. The proof is by induction on q. The case g = 1 is trivial. Assume it is true 
for £^^^1(41 z~^]y'''. The first step in ([4]) together with the observation 

that for i < 1, the graded piece ]HI(^®')-''* is zero for all j > 1 then implies the 
inductive step and the Lemma. □ 



l]\i,k 
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Polytopal basis for T-^. Wc first define monomials in T. These form a collec- 
tion of elements each of which is determined by its j /c-degree, and upon multiplying 
on the left and right by idcmpotcnts gives an element of a basis of T, or zero. 

We define a monomial in to be an element of T'' = with representative 
a;'^, for some I. We define a monomial in T\ for i < — 1, to be an element of 
T' = m{>h®') with representative O C)®^ (a;P-i)®'-i-2/ ^ a;' or x^^{^^ 
® (^xP~^)^''~^~'^f (8)2;'^ or x'^w^ or x^^w^ for i even, or for i odd. We 

say there is a unique monomial in T^, namely 1. 

Theorem 44. 

dimesT'J'^et < 1 
for all i e Z<i, j,k 1 < s,t < p. 

Proof. Suppose p>3. is the homology of for i e Z<o, which is the homology 
of 

M{{i + l)p + + l){p - 1)] © M{{i + 3)p + + 3)(p - 1) - 1]© 
...©M(-p+l)[p+^]ffi*[|] 
for i even, and the homology of 

M^((i + l)p + + l){p - 1)] © M^{{t + 3)p + - l){p - 1)]© 

for i odd. In either case, the number of ^s appearing in any monomial in T deter- 
mines which bimodule factor M, \E'°°^ that monomial appears in. The number of 
appearing in a monomial can be computed from the jTc-degree of that monomial, 
since ^ G has jfc-degrec (1,0) whilst x has jfc-degree (—1, 1). Therefore the ijk- 
degree of a monomial determines which component and which bimodule factor 
M[l], ^[0], ^^'^ of that component that monomial appears in. To establish that 
dime^T^^'^et < 1, it is enough for us to observe that a monomial element of CgMet 
or Cs^ct is determined by its jTe-degree, which is the case since it is determined by 
the number of xs and ^s appearing. 

The case p = 2 is similar. □ 

Lemma 45. The polytope corresponding to ^ is the set of elements {s, j, k, t) e 
such that l<s<t<p, 0<j — k<l, and t — s = j + 2k. 

The polytope Vo corresponding to '^^'^ is the set of elements (s, j, fc, t) in such 
that t + s= p + l, \ < s <t < p, minus the element [p, 0, 0, 1). and j = k — 0. 

The polytope Vm corresponding to M is the set of elements {s,j,k,t) in Z'* such 
that l<s,t<p, j + 2k + 2 = t-l-s+p,0<j + k + 2<l. 

The polytope V-j-f corresponding to M is the set of elements Vm minus the element 
(p, 0,-1,1). 

Proof. We pick out the number of in an element oi M = Li® Lr with j + k, and 
the number of xs with fc; the total degree is thus j + 2k. For M, we pick out the 
number of ^s with j + k + 2, and the number of xs with k + 2; the total number of 
xs and ^s is thus j + 2k + 4; the restrictions are that the number of ^s is or 1, the 
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number of xs and is at least 2, and the number of xs and ^s is 2 + (< — 1) — (s — p); 
the element (p, 0, — 1, 1) corresponds to the element x ^ ^ G M. This gives us the 
description of Vm ■ 

To obtain our description of , we similarly pick out the number of ^s with j + k 
and the total number of xs and ^s with j + 2k. 

The description of Vq comes since nonzero elements of eg'^^'^et satisfy the constraint 
t + s =p+l. □ 

Here is a diagram of the polytope for M in case p = 3 (we depict its structure as a 
left module): 

31q ^ 31^2 32^"!^ 32 ^ 33 2 33 ^ 

2l"i 21L3 22L2 222_4 232_3 23^5 



11^2 11-4 12'-3 12-15 13^4 13^6 

In the diagram an element (s, j, k,t) is written st^ . Here is a diagram of the polytope 
for 5" in case p = 3: 

330 
/ I 

22|] 23? 23^1 
/I I / I 

11° 12? I2L1 131 132_2 

We introduce integers a and b indexing the powers of u and v appearing in a 
homogeneous element of T-°. 

By Theorem dl] we have a basis for T-° indexed by the subset 

{v = {s,jo,ko,a,b,t) e Z^\{s,jo,ko,t) e 'P<i,,a,b > 0,a = 6}U 
{w = {s,jo, ko,a,b,t) e Z^|(s, jo, ^o, e 'P-^,a,b >0,a = b- 1}U 
{-y = {s,jo,ko,a,b,t) e Z'^Ks, jo, fco,t) £ V-j^,a,b > 0,a = 6 + 1}U 
{i' = {s,jo,ko,a,b,t) e Z'^Ks, jo, fco,t) G VM,a,b > 0,a > & + 1}. 

The jjfc-degree of such an element is given by the formulas 

i = —a — 6; 

j = jo + (a — l)p + 1 for a>6+l,j = for a = 6, j = 1 for a = & — 1; 
fc = fco + (a - l)(p - 1) for a > & + 1, = for a<b. 

We define Vy<o to be the corresponding set of elements (s, i, j, fc, a, &, in l7 . We 
define Pt<i to be 'Pr<o U {(s,-l,l, -l,0,0,p+ 1 - s) G Z^}. 

Theorem |411 leads us to the following combinatorial description of T-^: 

Theorem 46. T-^ has basis {ni^}i„g-p_^^j with product given by 

my^niw' = \ for 2 <l < 5 and v G Vf<i. 

) otherwise. 
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10. Appendix 1: Signs. 

Super sign convention. Here we record some aspects of the super sign convention 
that are of relevance for us. A differential graded vector space is a Z-graded vector 
space V = ®kV^ with a graded endomorphism d of degree 1. We write \v\ for 
the degree of a homogeneous element of V. We assume d can act both on the left 
and the right of V, with the convention d{v) = (— l)'"' A differential graded 
algebra is a Z-graded algebra A = ©fcA*^ with a differential d such that 

d{ab) = d{a).b + {-l)^''^a.d{b), 

or equivalently 

(a6)d = a.(&)d+ (-1)1^1 (a)d.&. 

If A is a differential graded algebra then a differential graded left v4-module is a 
graded left A-module M with differential d such that 

d{a.m) = d{a).m + (-l)l''la.(i(m); 

a differential graded right A-module is a graded right A-module M with differential 
d such that 

d{m.a) = d{m).a + (-l)l™lm.d(a). 
If A and B are dg algebras then a dg A-S-bimodule is a graded ^-i3-bimodule 
with a differential which is both a left dg A-module and a right dg _B-module. If 
aM is a left dg A-module, then EndA^M) is a differential graded algebra which 
acts on the right of M, giving M the structure of an A-E'nd^ (M)-bimodule, the 
differential on EndA{M) being given by m.((/))d = {{m)4>)d - (-l)l'^l((m)d)</). If 
Mb is a right dg A-module, then EndA{M) is a differential graded algebra which 
acts on the left of M, giving M the structure of an EndB{M)-B-himodu\e, the 
differential on EndsiM) being given by d{(j)).m — d{(j).m) — (— l)l'^l(/).(i(rn). 

If aMb and bNc are dg bimodules where A, B, and C are dg algebras, then 
M ®_B A'' is a dg ^-C-bimodule with differential 

d{m (g)n) — d{m) (g) n + (— l)'™'??! d{n). 

If aMb and aNc are dg bimodules where A, _B, and C are dg algebras, then 
HoniA{M, N) is a dg B-C-bimodule with differential 

d{(j>{m)) = d(0)(m) + (-l)l'^l(/)(d(m)). 

11. Appendix 2: Koszul duality. 

Here we give an account of Koszul duality for Koszul algebras, synthesising the 
work of Beilinson, Ginzburg, and Soergel, and Keller [1], [4]. 

In what follows we will exceptionally denote homological degree by h rather than k, 
because the homological h-grading on the Koszul algebras described here is different 
from the homological k- grading for the Koszul algebra ^' used in the rest of the 
paper. 

Vector space duals. Let A'^ be a direct product of finitely many fields, thought of as 
an algebra. We write M* for the F-linear graded dual of a graded vector space over 
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F; the dual of a component in degree j lies in degree —j; if M is an A-B-bimodule, 
then M* is a i?-A-bimodule. Given a right A°-module M with dual M* , we have 
an isomorphism (Me)* = e(M*) for each primitive idempotent e in we write 
77m for the sum rj : A'' ^ M (8)^0 M* of units F = Me 0^ eM*. If M is an 

^o.^O-bimodule, then 77 is a homomorphism of ^''-^''-bimodules. We have a fixed 
isomorphism A° = A°* which sends 1 e -F to its dual in F* . 

Quadratic duals. Let A = Tj^o(A^)/R, with R C A^ (8)ao be a quadratic algebra 
whose degree zero part is A'^ and whose degree one part A^ is finite dimensional. 
Let a' = T^o(A'~^)/i?' be its quadratic dual, where the A^-A^ bimodules A^ and 
A'~^, and the short exact sequences of A'^-A'^-bimodules 

E -)■ (8)^0 -)■ -)■ 

^ ^ yl'-i (8)^0 tI'-i ^ i?' ^ 0, 

are duals of ciacli oth(^r. The; grading that is implicit here is the radical grading, 
or r-grading: we insist A is generated in r-degrees and 1, and A- is generated in 
r- degrees and —1. 

Differential bimodules. The composition 

A° > [A^ Oao A^) Oao {A--^ ®ao ^'"^) ^ A^ A}^ 

is equal to zero, because the first map can be written b*) + (8> 6^) 

where {6j} is a basis for R with dual basis {&*} and {&■} is a dual basis for i?' with 
dual basis {&■*}. Consequently the space A 18^0 is a differential bimodule, with 
difiierential given by the composition map 

A ®A0 a!- ^ A ®A» -4° ®A0 ^' ^^^^ A (8 A" ®A« ®A» ^' — > A ®A» -4' 

We denote this differential bimodule C. This differential acts naturally on the 
inside of C which is a little awkward notationally: we adopt the convention that 

this differential applied to a® a is written , . . 

[a ® a) 

Suppose that A is an r/i-gradcd algebra with an ^"^-^"^-bimodule decomposition 
A^ = A^^ (B A^^\ thus the r-degree 1 part A^ of A decomposes as a direct sum 
of a /i-degrec part and a /i-degrec 1 part. We have A^^ = A^* , and write 
^!-ll ^ ^10*^ ^!-10 ^ ^11*^ xj^yg ^ ^!-10 .^^^j ^! /^.g^aded 

algebras, in such a way that the differential on C has /i-degrec one. If we want 
to write down the corresponding map on the left or right we apply the super sign 
convention: 

d{a<E>a) = {-lp'^ , ^ . 
^ / V / (a ig) a) 

(a«)a)rf=(-l)H'. ^ 

^ ' ^ ^ (a (g) a) 

There are only two ways in which we can obtain a left and right differential this 

way: either A is concentrated in /i-degree 0, or A' is concentrated in /i-degrec 0. 
From now on we assume that one of these is the case. In this way we give C the 
structure of a differential /i-graded j4-j4'-bimodule. We denote by C' = A' <Siao A 
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the corresponding differential bigraded >l'-A-bimodule. The left Koszul complex is 
the differential r/i-bigraded A-A'-bimodule 

Ki = C®A'- = Ao^o A}*. 

Adjunction. Given a pair of r/i-graded modules M and N we define Hom(M, N) 
to be the sum of the spaces of r/i-graded homomorphisms from M to N shifted in 
degree by {r,h). We have 

Hom^(^ O^o A'-*,M)^ Hom^o(A'*, M) ^ A' 0^0 M ^ A'- O^o A M, 

by adjunction and the fact that A'^ is scmisimplc. Consequently, there is an equiv- 
alence of functors between categories of differential r/i-bigraded modules 

RomA{Ki, -) = C- (E)A - ■■ A-dhigi^f^ A' -dbigr^^, 

and therefore an adjunction [Ki ~jC' (^a —)', we have a homomorphism of 
differential r/i-bigraded bimodules pi : Ki (g)^! C' ^ A corresponding to the counit 
of this adjunction given by the composition of natural maps 

A (8)^0 a'-* (g)^o A^ A 0^0 ^4°* 0^0 A^ A (8)^o A^ A; 

we have a homomorphism of differential r/i-bigraded bimodules 0j : A' — > C' ®a Ki 
corresponding to the unit of this adjunction given by the composition of natural 
maps 

A'- ^ RomAiKi^Ki) ^ Hom^i {A',C- ®aKi)^ C' ®a Ki. 

Let us explain why the differentials on C' and Ki match under the natural isomor- 
phisms. Here is a diagram depicting the counit of the adjunction 

A O^o a!-* ® a!- a 




F 



A 

The map sends a (Si a (Si a' (Si a' to a{a, a')b. Under the differential on Ki we obtain 
the map sending a a a' a' to ax{x*a, a')h; under the differential on C' we 
obtain the map sending a®Q.®Q'(i^a' to a(a, a' x*)xb\ these maps are identical 
by the super sign convention since whenever (a, a') is nonzero for homogeneous a 
and a', we have \a\h + \ct'\h = 0, and |a;|/j|a;*|/j is always zero. 

The algebra A^ admits the structure of a differential bigraded j4-^'-bimodule: we 

have zero differential, and all elements of strictly positive or strictly negative degrees 
act as zero. There is a natural homomorphism of differential bigraded ^-modules 
ni : Ki ^ A^ given by tt; = pi 0a ^a"- There is a natural homomorphism of 
differential bigraded j4-modules n : A^ ^ Ki given by l^o 0^! <pi. 

Koszul algebras. The algebra A is said to be Koszul if ni is a quasi-isomorphism. 
This is equivalent to n being a quasi-isomorphism, or pi being a quasi-isomorphism, 
or (j)i being a quasi-isomorphism. Since the Koszul complexes for A and A- are duals 
of each other, A is Koszul if and only if A' is Koszul. 
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We have a category ^-dbigr^^ whose objects are differential r/i-bigraded modules. 
Localising the quasi-isomorphisms gives us a triangulated category D{A-dhigi^i-J. 
If A is Koszul then we have adjoint equivalences of derived categories of differential 
bigraded modules 

D{A-dhigY^,J ^ DiA'- -dbigr,,J . 

We now restrict to the case in which A is concentrated in homological degree 0. 

We give A the structure of a differential r/i-bigraded algebra as follows: A is con- 
centrated entirely in ft-degree 0, whilst A is concentrated in positive degrees; the 
/i-grading on A is the negative of the r-grading. 

Writing C"'''* ~ A'"'', we give C the structure of a differential bigraded A- 

A'-bimodule; the differential has (r, h) degree (0, 1). Writing C''''^ = A'~''(8)^oA''+^, 
we give C' the structure of a differential bigraded A'-A-bimodule; the differential 
has (r, h) degree (0, 1). 

The left Koszul complex is the differential bigraded A-A'-bimodule Ki = C (g)^! 
A* = A (g)^o A* , where the bigrading is given by 

we denote by K\ = C' 0^ A* the left Koszul complex for A'; the differential has 
(r, h) degree (0, 1). 

There is a natural homomorphism of differential bigraded A-modules tt; : if; ^> A'^ 
obtained by tensoring Ic on the right with the dual of the embedding yl° — > A- 
and on the left the homomorphism A A^ which sends all elements of positive 
degree to zero. The algebra A is Koszul if tt; is a quasi-isomorphism. In that case, 
the structures described above collapse favourably: 

Theorem 47. (Beilinson, Ginzburg and Soergel [1 , Keller [4]J Suppose A is Koszul. 
Then the map 

A Ext'^iA" , A") 

induced by the action of A on Ki is an isomorphism; if A is finite dimensional, 
then we have adjoint equivalences of bounded derived categories 

Ho m^(g, ,-) 

D\A-gi,)^ D\A-g;,^) , 

where A-gv^. is the category of r -graded modules for A. We have adjoint equivalences 
of derived dg categories 

Ho niAiKi .-) 
Ddg{A)^ DdgiA'-) . 

where Ddg{A) is the derived category of differential h-graded modules for A. 
Remark 48 Obviously 

CC-CC\..CC- = A ®A0 ^' ®A0 A 0^0 ... ®A0 A, 



48 



VANESSA MIEMIETZ AND WILL TURNER 



CC-CC-...CC-C ^ A (8^0 A'- A (8)Ao ... ®ao A', 
where there is one more tensor factor on the right hand side of the isomorphisms 
than on the left hand side. If A is Koszul, then we have quasi-isomorphisms 

KiKiKiKi...KiK\ ^ A* A'* ®ao ... ®ao A*, 
KiK\KiK\...KiK\Ki ^ A* O^o ... (^ao A'*, 

where there is one fewer tensor factor on the right hand side of the quasi- isomorphism 
than on the left hand side (here we write MN for a tensor product M ®a N). The 
complex CC'CC' ...CC' is quasi-isomorphic to the dual oi KiK\KiK\...KiK\^ where 
there are two more tensor factors in the second term; the complex CC'CC' ...CC'C 
is quasi-isomorphic to the dual of K\KiK\...KiK\KiK\, where there are two more 
tensor factors in the second term. 

Remark 49 There is a right Koszul complex Kr — A* ®a C which is obtained by 
tensoring C on the left with A* . We have an adjunction (C' ®a —, Kr ®a' ~)- We 
have a homoniorphism of dg bimodules (pr '■ C' ($a Kr — > A' corresponding to the 
counit of this adjunction. We have a dg homomorphism tt^ : — > Kr obtained by 
taking the dual of tt; , which is a quasi-isomorphism if and only if A is Koszul. We 
have an an analogue of Theorem [47] for the right Koszul complex. 
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